DYNAMIC STRUCTURE FUNCTION IN 3 He- 4 He MIXTURES 



J. Boronat 

Departament de Fisica i Enginyeria Nuclear, 
Universitat Politecnica de Catalunya, Pau Gargallo 5, E-08028 Barcelona, Spain 

F. Dalfovo 

Dipartimento di Fisica, Universita di Trento, 1-38050 Povo, Italy 
F. Mazzanti and A. Polls 
Departament d'Estructura i Constituents de la Materia, 
Universitat de Barcelona, Diagonal 645, E-08028 Barcelona, Spain 

Abstract. Relevant features of the dynamic structure function S(q,u) in 3 He- 
He mixtures at zero temperature are investigated starting from known properties 
of the ground state. Sum rules are used to fix rigorous constraints to the different 
contributions to S(q, u), coming from 3 He and 4 He elementary excitations, as well as 
to explore the role of the cross term S^ 3 '^(q, u) . Both the low-q (phonon-roton 4 He 
excitations and lp-lh 3 He excitations) and high-q (deep inelastic scattering) ranges 
are discussed. 
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I. INTRODUCTION 



From the theoretical viewpoint a dilute solution of "^He in 4 He is a very appealing 
system, since it is a mixture of fermions and bosons, having a small difference in 
mass and interacting via the same interatomic potential. In spite of the simplicity of 
this picture, the prediction of static and dynamic properties of ^e^He mixtures is 
not at all simple and many problems are still open. Starting from the first idea that 
the ^e atoms behave as a Fermi gas of quasiparticles [1] , several phenomenological 
theories have been proposed in the past, based on more or less refined effective 
interactions (see Ref.[2] for a review). The microscopic approach, based on ab initio 
calculations with a realistic interatomic potential, has proven quite hard. Recently, 
quantitative results for the ground state have been obtained by means of variational 
methods [3,4]. In Ref.[4] the ground state properties of the mixture are calculated 
using the Aziz potential [5] and a Jastrow-type wave function, including also triplet 
correlations and summing up the elementary diagrams. The results for the radial 
distribution functions or, equivalently, for the static structure functions, clarify the 
role of the different kind of correlations in the system. 

A complete microscopic theory for the dynamic properties of the mixture, based 
on the true many-body Hamiltonian, is still not available. The lack of such a theory 
is particularly unpleasant if one considers that accurate experimental data on the 
dynamic structure function S(q, u) are now available, both at relatively low (0.5A -1 
< q < 2 A -1 ) [6] and high momentum transfer [7]. On the other hand, it would 
be highly desirable to find a microscopic basis for different dynamical theories [8- 
11], based on various approximations for the linear response function, in terms of 
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self-energy or pseudopotentials. 

The aim of the present work is to take a first step in this direction. The main 
idea is to extract as much information as possible about S(q,u), in the limit of 
zero temperature, using as input the ground state calculations of Ref . [4] . We make 
use of two different tools: the sum rule formalism and the impulse approximation. 
The former is applied to separate and compare the different contributions to the 
dynamic structure function coming from ^e and 4 He density excitations, as well as 
from the cross term S^ s,4 \q, uj). In particular, we analyse the moments mo, m\ and 
777.3, where 

m k (q) = Jdu (hu) k S(q,u) . (1) 

The sum rules contain useful information about the structure of S(q,uj) to be used 
both for the analysis of the experimental data and as a test of consistency for 
theoretical models. We will devote special attention to the relative weight of the 
density and spin dependent dynamic structure functions of the ^e component, as 
well as to the cross term S^ 3,4 \q, oj); the role of the latter turns out to be not 
negligible in a relevant range of g's. Finally, we will apply the sum rule analysis 
to S(q, to) in deep inelastic scattering. The exact sum rules are compared with the 
results of the impulse approximation (IA), taking the momentum distribution from 
the calculations of Ref. [12,13]. 
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II. SUM RULES 



The sum rule formalism has been extensively used in quantum many-body 
systems. A systematic review of sum rules for density and particle excitations in 
liquid 4 He is given by Stringari [14] , while recent calculations in ^e are reported in 
Ref.[15]. Sum rules in ^e^He mixtures have been used in the past to explore the 
role of long range correlations [16] and, more recently, to analyse neutron scattering 
data [6]. In the following, we present the basic formalism and calculate sum rules 
for the different components of the dynamic structure function. 

Let us introduce the definition of the density operators 

# = E^ , (2) 

where a = 3, 4 and N a is the number of particles of a-type. The dynamic structure 
function for density excitations at zero temperature is defined as 
S^\q,oj) = 2 ^_ ^[(0|pWt|n>(n|pf |0) 

+(0\p^\n)(n\p^\0)]s(oj-oj nO ) • 
For "Tie atoms one also introduces the spin density operator [17] 

Iq = E h ^ , (4) 

i=i 

where lj is the spin of the j-atom, and the spin dependent dynamic structure 
function 

Si 3 ' 3 \q,oj) = N3 jy +1) E iHWi 2 ^ - "no) • (5) 

The total dynamic structure function is then [6,18] 

S(q, w) =(T 4 (1 - x) 5 (4 ' 4) (q, uj) + a 3 x S (3 ' 3) (g, u) 

, , , (6) 

+ as,/ x Sf >3) (q, oj) + 2 a 34 yW^x) (q, u) , 



(3) 



where x = Ns/(N 3 + N4) is the "Tie concentration. Inclusion of the cross sections 
makes the quantity S(q, u) directly proportional to the measured neutron scattering 
cross section, with energy and wave-vector transfer hu> and q. The values 04 = 1.34, 
03=4.42, 3i / = 1.19, and 034 = 2.35 (in units of barns) are taken from Ref.[6]. 

Sum rules are rigorous relations among energy weighted integrals of S(q,u) 
and ground state properties. The moments of the different components of S(q, to) 
are defined in the following way: 

(«) = j du W s (if ] & u ^ ■ ^ 

Inserting the definitions of S^ a,l3 \q,uj) in Eq. (7), and using the completeness of 
the I to) states, one finds [19] that the moments rrik can be expressed as ground state 
mean values of the density operator, the spin density operator and the many body 
Hamiltonian 

^3 _ % 2 ^3+^4 _ % 2 N3+N4, 

3 = 1 6 j=N 3 +l i<3 

Simple expressions can be written for the lowest k moments, as it has already been 
done for pure "tie and ^e [14,15]. The main ingredients are the radial distribution 
functions and the kinetic energy per particle in the ground state. In the following, 
we discuss the mo, mi and 777.3 moments. 

A. The mo moment 

The mo moment of the dynamic structure functions is given by 

m^\q) = (N a N p )-^(0\p^pf\0) = S^\q) , (9) 
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where S^ a,f3 \q) are the (a, ^-components of the static structure function. The 
latter is related to the radial distribution functions g( a '^)(r) through 

1 /2 

S^Kq) = S a p + (^) / dr [g^\r) - 1] e^ r , (10) 

where Vt is the volume occupied by the system. For the spin dependent component 
one has 

™$?\q) = Ns /(j + i) <°l4-Iq|0) = S^Hq) , (11) 

(3 3) 

where S\ ' (q) is the spin dependent static structure function. The latter can be 
written in terms of the spin radial distribution function 

S^ 3 \q) = 1 + ^ jdv gf> 3 \r) e^ r , (12) 

where 

9?' 3 \r) = g\ 3 > 3 \r) - g\ 3 { 3 \r) . (13) 

In Eq.(13), g^ 3 ' 3 ^ and g\ 3 ^ are the distribution functions for "Tie atoms having 
parallel and antiparallel spins respectively, normalized in such a way that g( 3 ' 3 )(r) = 
g^ 3,3 \r) + g^ 3 \r). All these quantities have been calculated in Ref. [4], where the 
concentration dependence of the static structure functions is discussed in detail. 
In Fig. 1, we show the typical behaviour of the mo moments at zero pressure and 
for two values of concentration. The static structure function associated with the 
4 He component is nearly the same as in the pure 4 He phase. The ^e component 
behaves almost as a gas of free fermions. Due to the weakness of spin correlations 
between "^He atoms in the mixture, the spin dependent moment is very close to 
the density moment. In particular, for x = 0.01 are indistinguishable. Finally, the 
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moment mo of the cross term S^ 3,4 ) is significantly different from zero for q less than 
approximately 3A _1 . Its oscillating behaviour reflects the fact that S^ ,A \q, u) is 
not positively defined. 



B. The mi moment 

The case of the mi moment is particularly simple. It corresponds to the energy 
weighted sum rule, which can be expressed in the form of a double commutator, as 
follows: 

= ^^^ (Olt^^l^fllO) (14) 



and 



m iT ^ = 2 N3 f( f + i) mUlH^lO) . (15) 

The commutators can be explicitly carried out, using the Hamiltonian (8), and the 
results are the well known f-sum rules: 

m^%) = % (16) 
mff{q)=mfV (q) = ^- (17) 
m^\q)=0 . (18) 



The last result supplies a rather strong model independent constraint to the cross 
term S {3 > 4) (q,uj). 

C. The m3 moment 

The generalization of the calculation of m 3 for the pure phase [14,15,20] to the 
case of ^e^He mixtures is straightforward. Again, one has to evaluate commutators 



between p q , I q and H. The final results are: 



(4,4)/ x fiV . 

mi (a) = - r n H — -5-14 

3 vy; 8M| Mj 



y rfr </ 4 > 4 ) (r) [1 - cos(q • r)] (q • V) 2 V (r) 



(19.a) 



(3,3), , &V hY 

+ ^J dr ^ (3 ' 3)(r)[1 " C ° s(q ' r)](q ' V)V(r) 
(3,3), , &V h 4 q\ 

+ ^J dr & 3 > 3 \r) - g^ 3 \r) cos(q • r)](q ■ V)V(r) 

m ' A){q) = ~^0^ |rfr^ 4 )(r)cos(q-r)(q-V) 2 y(r) , (19.d) 

where t a and p a are the kinetic energy per particle and the particle density of the 
a isotope, respectively. We calculate the moments (19a-d) using the ground state 
results of Ref. [4]. In Fig. 2, we show the results for the m^, moments of the 'Tie and 
^e components at zero pressure and for x = 0.06. The solid curves are the total 
moments (19. a) and (19. b), while the dashed lines are the corresponding potential 
part, i.e., the terms with the integrals of the interparticle potential V(r) in the same 
equations. The spin dependent moment (19. c) is indistinguishable from the density 
moment (19.b) on the scale considered. The oscillating behaviour of the potential 
parts reflects the general structure of the radial distribution functions and the shape 
of the potential. The same holds for the cross moment (19. d), which is plotted in 
Fig.3. 
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(19.6) 



(19.c) 



III. DENSITY AND SPIN DEPENDENT Tie EXCITATIONS 

First of all, we use the above sum rules to study the relative weight /m£'P 
of the density and spin dependent ^e excitations. The case k = has been pre- 
viously discussed in Sec. II. A. The density and spin dependent static structure 
functions are very close to each other, so that the ratio (m[ 3,3 ' /ml, 3 } 3 ') is almost 1, 
even at low q. As it is evident from Eq. (17) the ratio of the first moments is always 
equal to 1. Finally, the ratio mf' 3 ' ' /rn^f at zero pressure and for two values of 
the concentration is plotted in Fig. 4. When all the above ratios are close to 1, the 
effects of spin correlations on the dynamic structure function are negligible, and 

S^\q^)^sf^\q^) . (20) 

This is certainly true for wavevectors much larger than the Fermi wavevector qp- 
At x = 0.06 the latter turns out to be 0.34A -1 . We note that for typical values 
of momentum transfer in neutron scattering experiments one lies well above (/f, so 
that the difference between the density and spin dependent structure functions can 
be safely neglected. As an example, we consider the values q = 1A _1 and x = 0.045, 
taken from a set of experimental values of Ref. [6]. With these q and x we find 
mo/moj = 0.966, rriz/mzj = 1.044. These numbers give a microscopic basis to the 
approximation (20) used in the analysis of the experimental spectrum [6]. 



IV. THE CROSS TERM S( 3 4 )(q,u;) 

The three sum rules (9), (18) and (19. d) provide rigorous constraints to the cross 
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term S^ 3 ' 4 )^, a;). From them it is easy to show how much S^ 3 ' 4 \q, u) contributes 
to the moments of the total dynamic structure function. Let us take the four terms 
at the r.h.s. of Eq.(6); one can calculate their k = and k = 3 moments (including 
ex-factors and concentration) and divide them by the corresponding moments of the 
l.h.s.. In Fig. 5 we show the results for x = 0.06 and zero pressure. It appears 
that S^ 3 ' 4 \q,u) gives a small contribution to the sum rules for q greater than 
approximately 3A _1 , while its contribution at lower g's is not at all negligible. 

Let us focus our attention on the range 1A -1 < q < 1.5 A -1 , where the neutron 
scattering cross section shows two well separated peaks, corresponding to "Tie and 
4 He excitations [6]. A puzzling point in the experimental data is a strong quench- 
ing of the measured particle-hole peak of "Tie excitations with respect to a Fermi 
quasiparticle model. The data were analysed with the assumption S^ 3,4 ^ (q,u) = 0. 
Fig. 5 shows that, in this range of <?'s, the contributions of the cross term to the mo 
and ms moments of the total dynamic structure function are comparable in mag- 
nitude with the ones of S( 3,3 \q, u). In particular, TOq 3,4 ^ is negative and mf' 4 ' is 
positive, while m^ 3 ' 4 '* is zero. This fact suggests that S^ 3,4 \q, u) should be included 
in the analysis of the experimental spectrum. In principle, it is possible to satisfy 
the above rrik moments with a cross structure function distributed at high energies, 
with negligible contributions on the ^e and 4 He peaks. This seems, however, quite 
unlikely. It is more reasonable to think that S^ 3 ' 4 \q, uj) should have a significant 
part of its strength in the region of ^e and 4 He elementary excitations. To support 
this idea we suggest the following model. 

Let us suppose that the total dynamic form factor is the sum of: 
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i) a peak centered around u; p _h = h q 2 /2M£, where M| is the effective mass of 
^e quasiparticles. The peak is the sum of S^ 3,3 \q, uj) and S^ 3,A \q,uj). The 
latter is negative and follows approximately the shape of the ^e peak. 

ii) A narrow peak at the frequency u>o(q) of the phonon-roton branch, correspond- 
ing almost entirely to S^ 4,4 \q,uj). 

iii) A band of multiparticle excitations above uq, corresponding to a broad distri- 
bution of strength coming mainly from S 1 ^ 4 ' 4 ^^, uj) and partly from S^ 3,3 '(q, uj) 
and S^ 3,4 \q, uj); the latter being positive and having the same broad distribu- 
tion as the other two. 

A qualitative sketch of the model is shown in Fig. 6. With these assumptions, and 
with approximation (20), it is possible to estimate how much strength the ^e peak 
(p-h) takes from the S^ 3 ' 3 ) and S^ 3 ' 4 ) dynamic structure functions. A semiquanti- 
tative analysis is reported in Table I for x = 0.045, and for two values of q. The 
first three rows are the exact moments calculated in Sec. II for the cross structure 
function. Due to the ifiui) 3 factor the ms moment, as in pure "Tie and 4 He , is al- 
most completely exhausted by multiparticle excitations. The ratios huJio = mi /mo 
and hu)3i = \ZmsJm~i for multiparticle excitations are directly related to both the 
average energy and the broadness of multiparticle band. As an estimate of these 
ratios we take their values in pure 4 He at the same density [21], since the general 
structure of the multiparticle band should not be changed dramatically by the pres- 
ence of "Tie . With these numbers we calculate the multiparticle contributions to 
the moments tUq 3 ' 4 ^ and m{^ . The difference between them and the total sum 
rules is an estimate of the strength in the region of the p-h peak. Now, let us define 
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the dynamic structure function of the p-h peak as 

V h («.-) = S<- 3 h , («.-) + ^h( 1 ^) 4 ^-t , (9^) ■ (2D 

03 + &3,I \ X J 

For a free Fermi gas S p -h(q,uj) is a Lindhard function with integrated strength 
S p -h.(q) = 1. The p-h peak has been measured in Ref. [6] and, through a Lindhard 
fit, results for the zero- and first-moments of S p -h have been given. From them, 
and from the microscopic results for the moments of the cross term, it is easy to 
obtain the moments of S p J_^(q, u). The zero-moment turns out to be almost 1 and 
the first moment is reduced by a factor M3/M3 ~ 3 with respect to the total f-sum 
rule h 2 q 2 /(2M 3 ). Both results are consistent with the Fermi quasiparticle picture. 
The possible error in the last quantities due to the uncertainties in u\o and uj^i 
is found to be of the order of 10%. Moreover, we have checked that, within the 
same accuracy, the results are concentration independent. The final outcome of 
this model is that the strength missing in the measured p-h peak can be associated 
with a negative cross term S^ 3,4 \q, oj). 

These results are consistent with the microscopic sum rules and with general 
physical arguments. Even if they should be considered qualitative rather than 
quantitative, they strongly support the importance of including the cross term in 
the theoretical investigation of the dynamic structure function. The role of the 
cross term was also studied by Liicke and Szprynger [10] in a RPA-like scheme. In 
their theory S^ 3 ' 4 \q, uj) is relevant only when the "^He quasiparticle peak and the 
'Tie phonon-roton peak are close and, eventually, overlap. In this case it produces 
an asymmetry of the roton peak, which, however, has not been observed. Our sum 
rule analysis seems to justify the experimental findings; in fact, the contributions 
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of the cross term to both the sum rules mo and 777,3 in Fig. 5 are very small in the 
region of overlap between the ^e and 4 He excitations, changing sign near the roton 
wavelength (q ~ 2 A -1 ). 

V. S(q,w) IN DEEP INELASTIC SCATTERING 

The density and spin dependent dynamic structure functions, as defined in 
Eqs. (3) and (5), can always be decomposed in two pieces [22-24]: 

S< a >e\q,u,) = S<?> p \q,u,) + S&%,u,). (22) 

The first term is the coherent structure function and represents fluctuations which 
involve different atoms. The second term is the incoherent structure function (also 
known as self-correlation scattering function), which accounts for correlations be- 
tween the position of the same atom at different times. One notes immediately that 
the cross term S^ 3 ' 4 \q,uj) is entirely coherent by definition. On the other hand, 
since the interatomic potential is spin independent, spin correlations between ^e 
atoms arise only from symmetry properties of the many body wave function; as 
a consequence, differences between the density and the spin dependent structure 
functions for the "^ie component are restricted to their coherent parts, which for q 
not much larger than qp become negligible. 

The notation of coherent and incoherent scattering is useful in studying the 
dynamic structure function at high momentum transfer. In fact, for sufficiently 
large q, the wavelength associated to the momentum transfer is small compared 
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with the mean distance between the scattering atoms. In this limit, the piece of 
S( a,f3 \q, uj) due to the interference of scattering amplitudes from different atoms is 
negligible and only the incoherent Si nc (q, u) will be left. Sum rules for the incoherent 
scattering can be easily evaluated; one has to carry out the same calculations of 
ground state mean values as in Sec. II.A-C, but taking only the i = j terms in the 
density and spin density operators. One finds [22-24] 

4?£'(9) = 1 (23.«) 

and 

«■&?(*) = % + + V) 2 V(r) (23.C) 

Notice that saturates the total sum rule m^* ,c * > and therefore the coherent 

contribution to the f-sum rule is zero. 

Furthermore, one can generalize to the mixture the expansion of S- inc in inverse 
powers of the momentum transfer g, developed previously for pure phases [22] . The 
first term of this expansion is known as the impulse approximation (IA) . In the limit 
q — > oo the scattering simplifies considerably and only the first term (IA) survives. 
Then, the total S(q, u) is given by 

lim S(q, to) = S IA (q,w) = cr 4 (1 - x) Sf^\q,u) + (a 3 + a 3 j) x SjA(q,u) (24) 

where are directly related to the atomic momentum distributions n a (k): 

Sf A a \q, co) = j0^- J dk n a {k) 5(hu - (e(| q + k |) - e(k))), (25) 
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where k is the initial momentum of an a-atom, q + k is the final momentum of the 
recoiling a-atom, and e(k) = h 2 k 2 / (2M a ) is its kinetic energy. The 5 function takes 
care of the conservation of energy in the scattering of a neutron from a single atom 
and v a stands for the spin degeneracy of each component (z/4 = 1, z/3 = 2). 

To calculate sfj^ one should take into account the macroscopic occupation of 
the zero momentum state by ^e atoms. To this end, it is convenient to write the 
momentum distribution of the different components in the following way: 

n a {k) = 5 a4 (27r) 3 p 4 n S(k) + h a {k) , (26) 

where no is the condensate fraction of the 4 He component in the mixture, 77.4 (k) 
stands for the occupation of the non-zero momentum states of 4 He and n 3 (/c) is 
the whole momentum distribution of ^e . In the following, we will write indis- 
tinctly ns(k) or hs(k). The momentum distributions n a (k) defined in Eq. (26) are 
normalized in the following way: 

4/^ (t) = 1 ' (27) 

Introducing the expression (26) in Eq. (25) and performing the corresponding inte- 
grations one gets 

(*2 2 \ jij poo 

%u - VTT + a 2 \ / kn 4 (k)dk , (28.o) 

and 

Sff{q,u) = f\ f°° kn 3 (k) dk , (28.6) 



in which 



% z q 



2^2 



15 



n q 



2M a 



(29) 



Finally, one can also write the expressions for the first sum rules in impulse approx- 
imation: 



in 



0,IA 



(«) = ! + 



4tt 2 Pc 



/■OO 

/ k 




Jq/2 





n a (k) dk 



m 



rn 



(a, a) 
2,1 A 



(?) 



(a, a) 
1JA 



2„2 



2^2 



(?) 



+ 



*2 

^ a ft g 



2M a ' 87T 2 paM ( 



ft g 



4 ft 2 g 2 i/ a ^g 



2M a 7 3 2M, 



a Jq/2 
4 2 



± — h 

2 * 



(30.o) 
(30.6) 



m 



3,IA 



(?) 



2^2 



2Mn 



*4 4 

ft q 



127T 2 p Q M 2 

z/ Q ft 6 g 3 



/ fc 




/q/2 


L2 J 



fc 



1 — k 

2 * 



n a (k) dk (30. c) 



n a (/c) dife , (30.d) 



m 2 i67T 2 Pa M3 y g/2 

The main ingredients to calculate the impulse approximation are the momentum 
distribution of 'Hie and ^e atoms. They have been obtained in the HNC/FHNC 
theory from a variational wave function containing two and three body correlations 
[12-13]. 

First, we compare the exact sum rules, given in Sec. II, with the incoherent (23) 
and the impulse approximation (30) sum rules. We consider the case x = 0.06 at 
zero pressure. In Fig. 7, we report the moment mo(g) for "^le and ^e excitations. 
While 777-cMnc an d m c» 3 inc are both equal to one, large differences appear between 
the total mg 3 ' 3 ' and m[, 4 ' 4 ' ) . This fact emphasizes the different behaviour of the 
coherent contributions due to the different partial densities of both components. 
Since the ^e density is very small, the coherent part of mp 3,3 ^ goes to zero faster 
than the one of m[, 4 ' 4 ' ) . Fig. 8 shows the ratio of rn^f\{q) to m^ 3 ' (g). As it 
has been mentioned before, m^' 3 ^ is entirely incoherent, and m^fl reaches the 
asymptotic limit already at low values of g. The same conclusion applies to the 
^He component. Finally, we note that the ms sum rule, except in the g — > 
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limit, is dominated by its incoherent part. To proof this statement, the coherent 
contribution of 7773 for 4 He and ^e excitations is shown in Fig. 9. The oscillations 
of 777-3° (q)/q 2 have a similar structure to the one of the total ms sum rule of 
the cross structure function S^ 3,4 \q, u). The results shown in Figs. 7-9 provide a 
quantitative information about the quality of both the impulse and the incoherent 
approximations at a given q. Recent experiments of neutron scattering involve 
momentum transfer up to q ~ 20A -1 or even larger. In this range of q, the impulse 
approximation saturates all the sum rules here considered. 

Second, we give explicit results for the dynamic structure function in impulse 
approximation. In Fig. 10 we show S(q,ui) calculated using Eq.(28) for two values 
of q (15 and 23 A -1 ) , and for x = 0.06. The deep inelastic peak of each component 
is well distinguished and located at the recoiling energies of each component, i.e., 
Tiu a = h 2 q 2 /(2 M a ). Notice that the 5-contribution of the 4 He component (see 
Eq. (28. a)) is not plotted in the figure. Due to its lighter mass, the peak of the 
^e is located at higher energy than that of the 4 He , while for low momentum 
transfer q the situation is just the opposite, so there should be a range of momenta 
where they closely overlap. The intensity of the "Tie peak is substantially smaller 
than the one of the ^He because of the low ^e concentration. Nevertheless, the 
difference is a little bit compensated by the fact that the "Tie cross section for the 
individual processes is four times larger than the 4 He one. In IA, the height of the 
peaks decreases inversely proportional to q and the distance between them increases 
roughly as Ti 2 q 2 /6M 4 . On the other hand, they become wider making the overlap 
of the tails of the responses not negligible. 
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The momentum distributions 77.4 (k) and 77.3 (k) have two important features. 
The former has the k = state occupied by a fraction of atoms no, which produces 
a delta-peak in sfj^\q, u) at hu> = Ti 2 q 2 /2M 4 , not shown in Fig. 10. On the other 
hand, 77.3 (k) has a gap at /cf, which defines the strength of the quasi-particle pole 
Zp at the Fermi surface and produces a discontinuity in the slope of S}^ (q,w) at 
hu = h 2 qkF/M 3 + h 2 q 2 /2M 3 . However, these two features are actually smoothed 
out by both the experimental resolution [25] and the effects of the so called final 
state interactions (FSI) [24,26]. 

Although the experimental uncertainty in S(q, u) makes a direct determination 
of the shape of n a (k) rather difficult, one can still extract some averaged quantities. 
One of them is the kinetic energy per particle. In general, the experimental determi- 
nation of the kinetic energy is based on the evaluation of the second energy moment 
of the response at q large enough so that only the incoherent part contributes. In 
that case one has 




Usually, a gaussian centered at the recoiling energy is fitted to the experimental 
response and then one can analitically evaluate the kinetic energy. While this pro- 
cedure gives results for pure 4 He [25] in good agreement with sophisticated micro- 
scopic calculations [27], large discrepancies appear in the case of pure ^e [25,28]. 
The same problem appears in the analysis of the mixtures. In fact, preliminary 
experimental results [7] assign to the "^He component a kinetic energy much lower 
than the theoretical predictions [12,13]. The latter can be derived either using the 
momentum distributions n a (k) or evaluating the expectation value of the kinetic 
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energy operator in the trial variational wave function used to describe the mixture. 
For x = 0.06 and zero pressure the theoretical values are approximately 19 and 14 
K for ^e and 4 He atoms respectively. The 4 He kinetic energy is almost the same 
as in pure liquid 4 He . This follows simply from the fact that the density of the 
mixture is only slightly smaller than the saturation density of pure liquid 4 He . The 
microscopic calculation of pure "Tie at the saturation density predicts a kinetic en- 
ergy around 13 K [28]. The increment in the kinetic energy of the ^e component 
in the mixture respect to the pure phase, is due to the fact that the total density 
of the mixture is larger than the pure ^e saturation density. Therefore, due to 
the correlations with the 4 He atoms, there are more "^He atoms promoted above the 
Fermi surface. 

We clarify this point in the context of the impulse approximation. The mean 
kinetic energy per "Tie atom ts can be explicitly calculated, using the momentum 
distribution ns(k), either by means of a direct integration 

or through the definition of S Iy l '(q,u), as 

h = / du (u - uzfsf^iq.u) , (33) 

where hu s = Ti 2 q 2 /(2M 3 ). The last equation is valid for any momentum transfer, 
but it is useful from the experimental point of view only at q large enough so that 
Sj 3 ^ ~ .S^ 3 ' 3 ). On the other hand, when q — > oo this way to calculate the kinetic 
energy is equivalent to the evaluation of m 2 [ nc , as given in Eq. (31). In order to show 
the importance of the high energy tail, we report in Fig. 11 the length of the energy 
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interval, as a function of g, where the integration in Eq.(33) should be performed 
to get 50% and 95% of the total £3. For the sake of comparison, it is also plotted 
the length of the energy interval needed to integrate the response of the underlying 
free Fermi sea (a gas of fermions having the same qF as ^e atoms in the mixture) 
to get its total kinetic energy. The integration interval grows almost linearly with 
the momentum transfer. The slope of the line increases with the percentage of the 
kinetic energy required. In the case of the Fermi gas, the interval goes linearly with 
q with a well defined slope : h 2 qp/M 3 . Thereby, one need to reach high momenta in 
order the IA to be valid but at the same time, the energy region where it is necessary 
to know the response increases with the momentum transfer. Our results, based 
on a microscopic calculation of the momentum distribution, reveal the role of the 
high energy tail of the ^e inelastic peak in determining £ 3 . Similar conclusions 
are obtained for the 4 He component but, in this case, the gaussian fit to the deep- 
inelastic peak leads to a kinetic energy in good agreement with the microscopic 
calculations. This indicates that the gaussian fit can account approximately for the 
wings of S(q,u>). Obviously, this fit is a better approximation for 4 He than for ^e. 
The reason is that the underlying momentum distribution implied by a gaussian 
S( a ' a ^ is also of gaussian type and it is clear that this shape of the momentum 
distribution reproduces better n^k) than n^(k). It is also possible to appreciate, 
by a simple inspection of Fig. 10, that due to the discontinuity in the slope of 
g(3,3) j t j g more difficult to fit a gaussian to the response of the "^He component. In 
any case, to compare theory and experiments one has to take also into account FSI 
effects, which can change significatively the structure of the tail and smooth out 
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the discontinuity in the slope at the Fermi surface, even at large q. 



VI. CONCLUSIONS 

In this work we have used the sum rule formalism to investigate properties 
of the dynamic structure function in "Tie - 4 He mixtures at zero temperature. The 
relevant quantities entering the sum rules have been taken from recent calculations 
of the ground state, based on variational wave functions with two and three body 
correlations [4,12,13]. We have discussed the mo, mi and ms moments of the 
dynamic structure function, separating the different contributions coming from the 
^e and 4 He components, as well as from the cross term S^ 3,4 \q 7 uj). The main 
results can be summarized as follows: 

i) The role of spin correlations has been investigated. The differences between 
the density sum rules and the spin dependent sum rules become rapidly small 
by increasing q. The approximation S^- 3,3 \q, oj) = Sj (q,oj) is found to be 
good for typical g's used in neutron scattering experiments. 

ii) The cross term S( 3,4 \q, to) gives contributions to the total sum rules of the 
same order than S^ 3,3 \q,uj) in a relevant range of q [29]. A simple qualitative 
model has been proposed for the cross term, consistent with the microscopic 
sum rules and in agreement with the quenching of the "Tie p-h peak in the 
experimental spectrum [6]. 

iii) The dynamic structure function in the deep inelastic limit has been analysed. 
The exact sum rules have been compared with the ones from both the inco- 
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herent and the impulse approximations. A prediction for S(q,u>) in impulse 
approximation has been given. The evaluation of the mean kinetic energy per 
^e particle from the dynamic structure function has been also discussed. 
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FIGURE CAPTIONS 



Fig.l : The mo sum rules in the mixture at zero pressure and for two values of 
the "^Eie concentration. Solid line: m[ ) 4 ' 4 ' ) ; long dashed: m^' 4 ^; short dashed: mg 3 ' 3 '; 
dot-dashed: m[ 3 ' 3 ^. 

Fig. 2 : The m 3 sum rules in the mixture at zero pressure and for x = 0.06. Solid 
lines: sum rules mj 4,4 ' and mfj 3 ' 3 '', as in Eqs.(19.a) and (19. b); dashed lines: poten- 
tial contribution to the same sum rules, i.e., the third term in r.h.s. of Eqs.(19.a) 
and (19. b). The spin dependent sum rule m 3 } is practically indistinguishable from 
mj 3 ' 3 ' on this scale. 

Fig. 3 : The m 3 sum rule for the cross dynamic structure function in the mixture 
at zero pressure and x = 0.06, as given in Eq.(19.d). 

Fig. 4 : Ratio between the contributions of density and spin excitations to the m 3 
sum rule in the mixture at two different concentrations and at zero pressure. Solid 
line: x = 0.06; dashed line: x = 0.01. 

Fig. 5 : Relative contributions of the different (a, /3)-components to the mo and m 3 
moments of the total dynamic structure function in Eq.(6). The symbol m means 
that moments rn^ 1 ^ have been multiplied by the corresponding a and concentration 
factors. Solid line: (4, 4); short dashed: (3, 4); long dashed: (3, 3); dot-dashed: spin 
dependent (3, 3). All curves correspond to zero pressure and concentration x = 0.06. 
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Fig. 6 : Qualitative picture for the dynamic structure function in the range q ~ 1 - 
1.5 A" 1 . Solid line: total S(q,u) ; dotted line: S (3 ' 3) part of S(q, u>) in the particle- 
hole peak; dashed line: S^ 3,4 ) part in the same range. The different contributions 
to the multiparticle band are not shown. Scales are arbitrary. Only the proportions 
between the different contributions to the p-h peak are significant. 

Fig.7 : Moments m,Q' a ' at x = 0.06. Solid lines: static structure function; long 
dashed lines: incoherent approximation; short dashed lines: impulse approximation. 

Fig. 8 : Ratio between the moment m\ ' and the f-sum rule at x = 0.06. Solid 
line: impulse approximation; dashed line: incoherent approximation. 

Fig. 9 : Coherent part of the moments m^'"' divided by q 2 , at x = 0.06. Solid 
line: a = 4; dashed line: a = 3. 

Fig. 10 : Dynamic structure function in impulse approximation for two values of 
q, at zero pressure and x = 0.06. 

Fig. 11 : Length of the energy interval in Eq.(33) needed to get 95% (solid line) 
and 50% (long dashed line) of the mean kinetic energy t 3 as given in Eq.(32). Short 
dashed line: free Fermi gas. 
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TABLE CAPTION 



Table I : Quantities entering the analysis of Sec. IV, for x = 0.045. First three 
rows: sum rules calculated in Sec. II. Rows 4 and 5: sum rule ratios for multiparticle 
excitations, from estimates in pure 4 He [21]. Rows 6 and 7: mo and mi moments 
of S( 3,4 \q, oj) in the p-h range, estimated by substracting the multiparticle part 
from the exact sum rules. Row 8: measured integrated strength of the p-h peak 
(from Fig. 11 of Ref. [6]). Last two rows: results for the mo and mi moments of 
Sp_^(q, ui). See the text for a detailed discussion. 
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TABLE I 



q [A" 1 ] 


1.0 


1.3 


4 3 ' 4) 


- 0.160 


- 0.125 


m! 3 < 4) [K] 








mf A) [K 3 ] 


870 


3320 


^31 [K] 


60 


65 


%uj 10 [K] 


35 


35 


(™o)*t» 


- 0.167 


- 0.148 


M?!' [K] 


- 0.24 


- 0.79 


Sp-h(q) 


0.38 


0.30 


(™o)?-? 


1.0 


0.9 


K)S [K] 


2.6 


4.5 
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